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No general method is known to localize closed orbits of the two-dimensional 
autonomous system (D) : 
g = -w%Y), 2 = Y&y). 
But sometimes it is possible to find a region B containing at least one closed 
orbit. On this premise we give methods to reduce the given region B without 
losing its closed orbits. Also we will calculate bounds for the lengths and 
periods of closed orbits in B, which are improvements of the bounds given 
by Diliberto in [2]. For this we need some theorems on “parallels” of plane 
curves with sectionally continuous curvature, which we will give in the 
first two sections. In the last section we apply the results to a simple example 
and we show that our bounds cannot be improved by any constant factor. 
1. B-PARALLELS OF PLANE CURVES OF CLASS Fl 
We shall say that a plane arc belongs to class Fl , if it has a sectionally 
continuous curvature. Let a EF* be represented by the vector v = v(s) 
= (q(s), q(s)) with s the arc length and s E [s,, , s,]. The second derivatives of 
the scalar functions q(s), i = 1, 2, are sectionally continuous. The scalar 
product of the tangent vectors is 
(v’(s) . v’(s)) = 1. U-1) 
Let vi(s) = (-Q(S), q(s)), then vi’(s) denotes the vector of length 1, 
perpendicular to v’(s) and forming a positively oriented dihedral with v’(s). 
(See Fig. 1.) We define e-parallels a,, and a-, to be the locus of end points 
of all normals of length e on one side of the curve a, given by1 
a+, : v+,(s) = v(s) - e*vl’(s), 
V-~(S) = v(s) + e.v,‘(s), 
(l-2) 
a-, : so < s < s1 . 
1 We choose the signs in the notation of a,, and o_, because of (1.4) and (1.5). 
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a +e 
FIG. 1 
Since v”(s) = k(s) . z?~‘(s) [K(s) th e curvature of a], the tangent vectors 
of a,, and a+, are represented by 
v+,‘(s) = (1 + e*K(s)) * v’(s), 
ye’(s) = (1 - e+(s)) * v’(s), $0 < s < sr . (1.3) 
Thus both e-parallels of a are parallel to a at points of equal parameters s. 
We calculate the curvatures k+,(s) and K.+(s): 
k+,(s) = (1 + e&(s))-1 Sk(S), 
k-,(s) = (I - e*k(s))-l-k(s), so < s < s1 . (l-4) 
It follows that all segments of a with Ik(s)j # e-l belong to class Fl . 
With k(s) = dO(s)/ds and O(s) the oriented angle in the positive sense 
between v’(s) and v’(ss), we define 
Let I a I, I a+, ] and ] a-, / denote, respectively, the lengths of the curves a, 
U +e , and a-, . We shall show 
I a+, I = I a I + e@, 
1 a-, 1 = j a 1 - e-O. (1.6) 
Proof. From (1.1) and (1.3) follows 
/ a+ j = s" (Vet' . v*~'(s))~/~ ds = s” (1 + e-k(s)) ds = I a I f. em@. 
so %l 
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Let b EF~ be a simply closed, positively oriented curve, represented by 
v = v(s) with s the arc length and s E [s, , s,]. For all s E [so , sl] let q(s) denote 
the radius of the greatest circle with center v(s), which contains in its interior 
one and only one connected proper arc of b; then we define 
h=min(kl,q)>O with q=k*s$s q(s). 
0. - 1 
We shall consider an arbitrary arc of b with length not exceeding 2h. Since 
h < K-l, the normals of this arc with length e < h don’t intersect themselves, 
and since h < q, this is true for all normals of length e < h along b. Therefore 
we have: 
For all positive e < h the e-parallels of b are simply closed and they 
belong to class FI , like 6. (l-8) 
Let B denote the bounded region with the boundary b and let 1 b 1 denote 
the length of b, ) B 1 the area of B. For all positive e < h we shall calculate 
the lengths 1 b,, 1 and I b-, I of the e-parallels of b and the areas I B,, I and 
/ B-, 1 of the regions bounded by these e-parallels: 
I b,, I = I b I + 2-n-, 1 b-, 1 = I b I - 2.rr.e. (1.9) 
1 B+, I = I B I + e-1 b I + ?r*e2, I B-, I = I B I - eel b 1 + re2. (1.10) 
Proof. Since 0 = 27~, (1.9) follows directly from (1.6). 
1 B 1 = ; j” (v~(s) * v’(s)) ds; 
*e 
and similarly, 
iB*,, 1 = 1 . 
2 s ‘l (v,&;,‘(s) - v&e’(s)) ds *II 
1 =-. 
2 s 
1: (v, f  esv’) l (v’ F e-vln) 02 
1 *1 =-. 
2 s [ (VI 
* v') + e2*k(s) f 2.e F e * $ (vl . VL’) d.9 % 1 
=IBI&e*lbI+r*e2, since (v~*v~“)=$(v~*v;)-~ 
We shall denote the two regions between b and their e-parallels by e-parallel 
strips E(b, +e) and E(b, -e), and let R(b, e) = E(b, +e) u E(b, -e). By 
(1.8), for all positive e < h the boundary curves of R(b, e) are simply closed 
and they belong to class FI , and the area of R(b, e) is 
[R(b, e)l = 2.e.161. (1.11) 
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2. ON PLANE, SIMPLY CLOSED CURVES OF CLASS Fz AND 
THEIR ~-PARALLELS 
We shall say that a plane curve belongs to class F, , if it is sectionally 
smooth and if all its smooth arcs belong to class Fl . Let c E F, be a simply 
closed, positively oriented curve, represented by v = v(s) with s E [q, , s,J 
the arc length, v(s,J = v(sn), V(S) f v(s) for s # s and SE [s,, , sJ. Let c 
possess exactly n corners Pi = V(Q), i = l,..., n; i.e., v’(s) is discontinuous 
in s = si . The n arcs between these corners Pi are smooth and they belong 
to class Fl . 
The e-parallels of the n smooth arcs of c are not connected. The end 
points of the e-parallels of the two arcs of c meeting in Pi are lying on the 
circle with radius e and center Pi. If we join the two end points of the 
Se-parallels as well as the 
circular arcs of radius e, we 
c-, along c. (See Fig. 2.) 
two end points of the -e-parallels by disjoint 
define by this the connected e-parallels c+, and 
FIG. 2 FIG. 3 
It is not difficult to show that there exist r > 0 with r < k-l and 
k = m=s,,SsG,,, IWI so that, for all positive e < Y in the neighborhood 
of each Pi , exactly one of the two e-parallels of c possesses one and only 
one self-intersection point Si, . By this we can smooth the curve c. We shall 
describe this procedure at an arbitrary corner Pi of c, 1 < i < n. (See Fig. 3). 
Since r < k-l, the circle with radius e and center &, is tangent to each of 
the two arcs starting from Pi at one and only one point. We replace the 
arc of c between these two points by the smaller one of the two circular arcs 
between these two points. If all corners Pi of c, i = l,..., n, will be smoothed 
by this procedure with circular arcs of radius e, we will get a throughout 
smooth curve ce. Let us say the curve ce results from c by “e-smoothing”. 
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The e-smoothing at the n corners Pi of c is not at all commutative, if 
e > r. The result depends on the chosen sequence of the e-smoothing at the 
n corners Pi of c, as shown in Figs. 4. There are not only self-intersection 
points of e-parallels of c at the corners of c, but also at smooth arcs of c, 
whose curvature exceeds the value e- l. These self-intersection points are 
centers of circles of radius e which smooth such arcs of c. 
FIGS. 4
We can generalize the relations (1.9) and (1.10) to the connected e-parallels 
of c. Let O(S), as defined in connection with (1.5), be the positively oriented 
angle along c and let Oi denote the value of O(S) at the corner Pi , i = l,..., n. 
We shall assume for Oi its principal value in the range 1 Oi 1 < z-. The 
corners of c shall be called convex or concave corners, if, respectively, the 
angles Oi are positive or negative. 0, and & shall denote the sums of angles 
Oi of all convex, respectively, concave corners of c. By (1.6) for all positive 
e < k-l we get 
I c+, I = I c I + 2e*(n + @-1, 
) cm, 1 = 1 c 1 - 2e-(7r - O,), 
with 
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Since in general the e-parallels of c are not simply closed, the analogous 
generalization of (1.10) is not true. But under more restricting assumptions 
we can show: 
If the curve c contains only convex corners, then for all positive e < k-1 
we have: 
1 c+, / = / c / + 27re, I C,, I = I C 1 + e.1 c I + rr*e2. (2.2) 
If the curve c contains only concave corners, then for all positive e < k-1 
we have: 
I C-, I = 1 C 1 - e.1 c 1 + 77*e2. (2.3) 
Thus, if c is convex, by (1.4), the relations (2.2) hold even for all e > 0. 
They hold even for general convex curves, as is shown by a method of 
J. Steiner in proofs of the isoperimetric inequality of the plane first for 
all closed convex polygons, and then by approximation for all closed convex 
curves2. 
Each of the two e-parallels of c bounds, respectively, a region c+e and c-, , 
and the boundary curves z+~ and E-, of these have the distance e from c. At 
all corners of c one of the two e-parallel strips superposes itself, and therefore 
(1.9) and (1.10) cannot be true. But we can show the following relations: 
I Ge I d I c I + 2-4 1 Cm6 1 < 1 c 1 - 277-e. (2.4) 
1 C+e 1 < 1 C 1 + e.1 c 1 + 7re2, 1 C-, 1 < 1 C 1 - e-1 c 1 + ve2. (2.5) 
3. SYSTEM (D) AND REGION B 
We shall consider the autonomous system (D): 
p = -w,Y), $ = Y(%Y), 
where X(x, y), Y(x, y), and their first partial derivatives are continuous in a 
bounded region G C E2. The singular points (2, 7) of (D) are those points 
of G where X(&y) = Y(Z, 9) = 0, and every point that is not singular is 
called regular. Through every regular point of G passes one and only one 
orbit of (D). 
We shall consider the family F(v) of those trajectories, which are cutting 
the orbits of(D) with the constant angle v. Let &(x, y) denote the curvature 
a See Bonnesen, T. and Fenchel, W., “Theorie der konvexen Kijrper,” Section 12.57. 
Springer Verlag, Berlin, 1934. 
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in (x, y) of the curve of F(v) passing through (x, y). Particularly, we denote 
by K(x, y) = E&,(x, y) the curvature of the orbits of (D) and by H(x, y) := 
H+(x, y) the curvature of their orthogonal trajectories. Diliberto showed 
in [2]: 
KG? Y> = llV(% r)ll-” [- Y(% Y) ( axk y, X(x, y) + ax; y, Y(x, Y,) 
+ 4% Y) (V X(% Y> + qy Y(4 Y))], 
H(x, y) = IIV(x, y)ll-” [Y(& Y) ( axgy) Y(? Y) - ax;y) X(% Y)) 
- X(x, y) (fJp Y(% Y) - qy X(x, y,)], 
(3-l) 
(3.2) 
where V(x, y) = (X(x, y), Y(x, y)) is the direction vector of (D). 
Hp(x, y) = K(x, y) - cos y + 23(x, y) - sin 9. (3.3) 
We will presuppose that there is a closed region B C G with the following 
properties: B is free of singular points of (D), B contains at least one closed 
orbit of (D), B is doubly connected and its two closed boundary curves 
belong to class F, . Since B contains no singular points of (D) but at least 
one closed orbit, and since this orbit surrounds at least one singular point, B 
cannot be simply connected. We restrict ourselves to the most simple case 
relative to the connectivity of B, although the following methods can be 
applied to regions of higher connectivity. Of course, if the two boundary 
curves of B have common points, then B contains only one closed orbit of(D). 
4. REDUCTION OF THE REGION B 
Now we shall use the results of the previous sections. A segment S in G 
is said to be a transversal if all its points P are regular and the direction 
associated by (D) to P is different from that of S. Let the transversal S, 
lying completely in B, be a secant of one and only one of the two boundary 
curves of B. If there would exist an intersection point between S and any 
closed orbit CC B, then C must cut S again. This, plus the fact that a 
closed orbit meets a transversal only once ([I], p. 392), imply that S cannot 
have any point in common with the closed orbits in B. S separates from B a 
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simply connected region containing no point of the closed orbits of B. Thus, 
eventually it is possible to reduce B by such “transversal sections” without 
losing the closed orbits of B. 
We notice the following criterion: If S is both a transversal of (D) and a 
secant of one of the two boundary curves of B, and if S meets the other 
boundary curve of B, then B cannot contain any closed orbit of (D). 
Moreover it’s eventually possible to reduce B by restrictions. With the 
definition 
d = min(2.K-l, a-2-1/2*[max(K, H)]-l} > 0 (4-l) 
with K = max(,,V)EB Nx, r)l and H = max(..y)EB Iff(x, y)l, K(x, Y) and 
H(x, y) defined by (3.1) and (3.2), we formulate the following lemma. 
LEMMA. (4.2) Let Te be a segment of length e < d, lying in B. If a closed 
orbit CC B of (D) intersects T” at its both end points and nowhere else, then 
the region bounded by C is separated by Te into two regions Ml and M, . Exactly 
one of these, say Ml , contains only points of B. Ml is part of that region N 
bounded by the semicircle over T”, which contains points of Ml . 
Proof. We shall denote by O(P), P E B, the principal value of the 
positively oriented angle in the range l@(P)/ < rr between the vector 
V(P) associated by (D) to P and the segment Te. For the following arguments 
see Fig. 5. Let A, and A, be the two end points of Te C B. Without loss of 
generality we suppose that @(A,) < x and that Ml lies to the right of Te 
by following Te from A, to A, . The closed orbit C cannot cross T* in both 
end points A, and A, from the same side. Thus, from @(A,) < r, it follows 
that @(A,) < 0. By (3.3) and following Te from A, up to A, , we have 




where Y is the distance along Te. The last inequality is valid, since from 
p)(r) # const along Te, it follows that cos F(Y) + sin p)(r) < 42. From 
e < d we get 
I@(4 - @WI < 7f (4.3) 
by following T” from A, up to A,. We follow the closed orbit C with 
increasing parameter t from A, up to A, . Let us denote this arc of C by C’. 
Since IO(A,) - @(A,)1 < 7r, either the arc C’ has to remain in the interior 
of N as postulated in this lemma, or C’ has to intersect the semicircle over T” 
between A, and A, at a point P. We shall show that this last case cannot occur. 
Without loss of generality we suppose that C’ enters the region N at A, 
and leaves it at the point P. We have dist(P, A,) = e’ < e < 2-K-i. The 
absolute value of the curvature along C does not exceed the value K. Hence C 
has to surround at least one circle of radius K-1 with center in AZ1 . Besides 
the interior boundary curve of B, the closed orbit C has to surround also at 
least one circle of radius K-1 with center in M2 . Let us consider the -&e’- 
parallel of C. Since &e’ < K-1 and dist(P, A,) = e’, the -&e’-parallel of C 
has at least two self-intersection points, particularly one in Ml with feet 
PI and Pz on C’, so that l@(P,) - O(P,)/ 3 n holds. This last property 
follows by the conclusion of (1.3). S ince dist(P, , Pz) < e’ < e, this means a 
contradiction to (4.3), and Lemma (4.2) is proved. 
If there are two disjoint arcs of one of the two boundary curves of B with 
a distance equal to e, while the distance of the end-points of each arc to the 
other arc is greater than e, and if a connecting segment of length e between 
these two arcs is lying in B, then we shall call this configuration an “e- 
contract” of B. If the region B possesses an e-contract with e < d, d defined 
by (4.1), we can, by Lemma (4.2), restrict B at such an e-contract. Namely, 
every semicircle of diameter e < d which connects the two arcs of the 
e-contract of B and which is open against the other boundary curve of B 
not participating at the e-contract, restricts B to a region containing all 
closed orbits lying in B. (See Fig. 6.) Of course, we shall take that semicircle 
which restricts the greatest part from B. But this shall be stated in the 
next paragraph. 
Eventually we can reduce the region B by smoothing its boundary 
curves. By (4.1), the absolute value of the curvature of every orbit 
in B does not exceed the value K. If the exterior boundary curve of B 
possesses convex corners or arcs with curvature greater than +K, or if the 
interior boundary curve of B possesses concave corners or arcs with curvature 
less than -K, then we can use the methods of Section 2 to reduce the region B 
without losing its closed orbits. Namely, if we smooth such arcs and corners 
by circular arcs of radius K-l as stated in Section 2, we separate by this 
parts of B which contain no points of the closed orbits in B. Particularly, 
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FIG. 6 
since d < 2-K-i at all e-contracts of B with e < d, such smoothing circular 
arcs of radius K-l restrict the greatest part from B that is possible by our 
considerations of this section. 
If these three procedures of reducing the region B actually lead to a 
reduction of B, let us denote the reduced region by B, . May be that the 
number d becomes greater if calculated on the reduced region B, C B. 
Then it is eventually possible to reduce the region B, again and to enlarge 
the number d defined in (4.1). We can continue with these procedures until 
a further reduction of B is no more remunerative or possible. 
5. BOUNDS FOR LENGTHS AND PERIODS 
OF CLOSED ORBITS OF (D) LYING IN B 
To calculate bounds for the lengths L and the periods T of the closed orbits 
of (D) which are lying in B, we suppose that by the methods given in 
the preceeding section the region B is reduced to B C B. Then the exterior 
boundary curve of B has no convex corners and no arcs with curvature 
greater than +K, and the interior boundary curve of B has no concave 
corners and no arcs with curvature less than -K; K, and for the following, 
the value d are defined by (4.1) on the region B. In Section 3 we supposed 
that the two boundary curves of B belong to class F,; thus the two boundary 
curves of B also belong to class F, , and we can use the results of the first 
two sections. 
Let Be denote the region whose boundary curves are obtained by smoothing 
the boundary curves of B with circular arcs of radius e. Since the two 
boundary curves of B are simply closed, there exist p < id such that the 
p-parallels of the boundary curves of &’ which are exterior to BP have 
no self-intersection points. They are bounding a region, say B&, . Since by 
(4.1) p < K-l, the boundary curves of the p-parallel ring R(C,p) of each 
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closed orbit C in B are simply closed. By (1.11) the area of R(C, p) is 
(R(C, p)\ = 2*peL, and by (1.10) the area of B$ is I&, 1 = / BP 1 + p-1 @ (, 
I h2, 1 the length of the simply closed boundary curves of BP. Since 
R(C, p) C B”,= , it follows: 
If s is the arc length of the orbits of (D), we have dsjdt = IlV(x, y)ll. From 
the definition 
(5.2) 
it follows that the period T of each closed orbit C C B of (D) is bounded by 
T = s ; lIV(x(s), r(s>>H-’ ds <4 . 
Consequently, for the periods T we get the bound 
If we have omited to reduce the region B by the methods given in the 
preceeding section, we have BT, C B,, , where B,, is the region bounded 
by the p-parallels of the boundary curves of B which are lying exterior to B. 
Hence / B$ 1 = 1 BP I + p-1 hp I < 1 B, I < I B I + p-1 b 1, where I b I 
denotes the length of the boundary of B and the last inequality is resulting 
from (2.5). Thus, for all p < K-1 we get 
T d TI = 2.m9 -!-- - (I B I +PI b I), 
and in general the bound TO of (5.3) is better than TX of (5.4). 
Our bounds of T are an improvement of those given by Diliberto in [2]. 
To show this we formulate the following in our notation. 
THEOREM (Diliberto). Let A denote a region of finite area I A 1, possessing 
no singular points of (D) and containing the region B in its interior. Let 
0 < Q < dist(P, Q) with P E B, Q $ A; m = min(,,VjEB (I V(x, y)ll > 0; 
M = max(Z.ykA maxW(~, rN7 IWx, Al); f = min(&q, 2--7k~--i@-~ ). If B 
contains a closed orbit C of(D), then the period T of C is bounded by 
T < TD = (4vr-‘+-2~IAI + 2) .21W.m-l. (5.5) 
We shall improve this result of Diliberto by our methods. Let 
M =max (z,yrsB max(lK(x,y)l, lH(~,y)]) and Y =min(q, K-r, 2-3/2~~.M-1) >O. 
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Since Y < q, we have R(C, Y) C A. In full analogy to the proof of (5.3), we 
obtain 
Since i < BY and 29&r1 > 7, it follows that 
To >7-T,. (5.7) 
Thus, by our methods we can improve Diliberto’s bound To under his 
assumptions by more than seven times. Moreover, for calculating bounds of 
T we are supposing only properties about the region which contains the 
closed orbit, while Diliberto further on needs properties about a second 
region, and nothing is said how to choose this second region favorably. 
6. APPLICATION TO AN EXAMPLE 




-y + X.(X” +y2 - I), = x + y*(x2 + y2 - 1). 
We know all solutions of this system, and particularly its only closed solution 
which is the unit circle C : x2 + y2 - 1 = 0, the length and period of which 
are L = 2~ and T = 2rr. Hence we can compare our bounds of L and 1 
with the real values of them. 
Let us suppose that the region B containing the closed orbit C is that 
region which is bounded both by the greatest square lying in the interior 
of C and by the smallest square surrounding C with parallel edges to the first 
one. (See Figs. 7.) We compute the following values, defined by (4.1): 
K-l = 0,568..., d = 0.98.... Then we reduce B by K-l-smoothing of its 
exterior boundary curve by the method of Section 2 .and we obtain the 
region B C B. The values K and d do not alter if calculated on B instead of B. 
FIGS. 7 
342 LAU 
For p = &d, the two p-parallels of the boundary curves of 82, which are 
exterior to BP have no self-intersection points. By (5.2) we compute 
m = 0,79..., and by (5.1) and (5.3) we obtain L < 9,07 and T < 11,47. 
If we suppose that B is the region bounded by the two e-parallels of C, 
then for all positive e < +, by (5.1) and (5.3), we can calculate the bounds 
of L and T with p = Q. It follows that 
and 
with 
L < L(e) = 27r + -$f- 
T < T(e) = 1. (2T + T) 
44 
$$ m(e) = 1. Since li% L(e) = lii T(e) = 2r, 
our bounds of (5.1) and (5.3) assume the real values. Hence they cannot be 
improved by any constant factor. 
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